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Abstract—In this paper, we prove the existence
of a random common ﬁxed point of two contin-
uous contractive random operators on a separable
Banach space. We introduce the random modiﬁed
Ishikawa iteration scheme and use our existence re-
sult to study weak and strong convergence of this
scheme to a unique random common ﬁxed point of
two random asymptotically quasi-nonexpansive oper-
ator. Our work extends and improves some results
from the current literature.
Keywords: Random Ishikawa iteration; random opera-
tors; random common ﬁxed point; Banach space; mea-
surable function.
1 Introduction
Ishikawa [8], in 1974, devised a two-step iteration scheme
to establish convergence of a Lipschitzian pseudocontrac-
tive map in the context of a Hilbert space where the Mann
iteration process failed to converge. Tan and Xu [13] in-
troduced and studied a modiﬁed Ishikawa iteration for
an asymptotically quasi-nonexpansive map. Qihou [10],
in 2001, proved the convergence of this scheme to a ﬁxed
point of an asymptotically quasi-nonexpansive map on a
Banach space. Shahzad and Udomene [12] considered the
modiﬁed Ishikawa iteration for two asymptotically quasi-
nonexpansive maps and proved its convergence to a com-
mon ﬁxed point of the maps in a Banach space. Recently,
iterative approximation of common ﬁxed points of two or
more maps has appeared in the literature (see, e.g., [3-6],
[9-10], [12-13]).
Random iteration schemes have been introduced and
studied by a number of authors (see, e.g., [3-6]); in par-
ticular, Choudhury [5] constructed a random Mann it-
eration scheme in a separable Hilbert space and proved
its convergence to a random ﬁxed point under a contrac-
tive condition and Duan and Li [6] proved some conver-
gence theorems about a random Mann iteration scheme
of a continuous random operator on a separable Banach
space.
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The existence of common ﬁxed points of two commuting
and noncommuting maps has been studied by several au-
thors (see, for example, [1] and [7]). Unfortunately, the
existence results of common ﬁxed points are not known
in many situations even in deterministic case; of course,
this problem becomes more severe for random opera-
tors. Therefore, approximation of common ﬁxed points
of maps by iterative methods is very much needed.
The purpose of this paper is to extend the results of [1],
[5-6] and [12-13] for random modiﬁed Ishikawa iteration
scheme of two asymptotically quasi-nonexpansive random
operators on a separable Banach space.
2 Preliminaries
Let C be a nonempty subset of a Banach space X and
S, T : C → C.W e s a y T is: (i) (L − γ) uniform Lip-
schitz if there exist constants L>0 and γ>0 such
that  Tnx − T ny ≤L x − y γ, for all x,y ∈ C and
n =1 ,2,3,...; (ii) semi-compact if for a sequence {xn}
in C with lim
n→∞ xn − Txn  = 0, there exists a subse-
quence {xni} of {xn} such that xni → p ∈ C; (iii) demi-
closed at 0 if for each sequence {xn} in C converging
weakly to x and {Txn} converging strongly to 0, we have
Tx = 0. The maps S and T: (i) satisfy the property
(E.A) (cf.[1]) if there exists a sequence {xn} in C such
that lim
n→∞
Sxn = lim
n→∞
Txn = t, for some t ∈ C; (ii)
are 1-subcommutative (cf. [7]) if C is q-starspahed and
 TSx−STx ≤
1
k
 ((1−k)q+kTx)−Sx  for all x ∈ C and
k ∈ (0,1), (iii) weakly compatible (cf. [1]) if STu = TSu
whenever Su = Tu.
Clearly, commuting maps are 1-subcommutative. We
provide an example of two maps which are weakly com-
patible and satsify the propery (E · A) but are not 1-
subcommutative: Let X = R with usual norm and
C =[ 1 ,∞). Let Sx =2 x − 1 and Tx= x2 for all x ∈ C.
Then C is 1-starshaped. S and T are weakly compatible
maps and satisfy the property (E · A) but S and T are
not 1-subcommutative.
Let (Ω,Σ) be a measurable space (Σ − σ-algebra) and C
a nonempty subset of a Banach space X. Let ξ :Ω→ C
and S,T :Ω × C → C. Then: (i) ξ is measurable
if ξ−1(U) ∈ Σ, for each open subset U of C; (ii) T is
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T(.,x):Ω→ X is measurable; (iii) ξ is a random ﬁxed
point of the random operator T if ξ is measurable and
T(ω,ξ(ω)) = ξ(ω), for eachω ∈ Ω; (iv) ξ is a random co-
incidence (resp., random common ﬁxed) point of S and
T if ξ is measurable and S(ω,ξ(ω)) = T(ω,ξ(ω)) (resp.,
ξ(ω)=S(ω,ξ(ω)) = T(ω,ξ(ω))), for each ω ∈ Ω; (v)
S and T are weakly compatible if T(ω,S(ω,ξ(ω))) =
S(ω,T(ω,ξ(ω))), for every ω ∈ Ω whenever T(ω,ξ(ω)) =
S(ω,ξ(ω)) where ξ is measurable.
Throughout this paper, we employ the following nota-
tions: RF(T), the set of random ﬁxed points of T;
RF(S,T), the set of random common ﬁxed points of
S and T; RC(S,T), the set of random coincidence
points of S and T; Tn(ω,x), the n-th iterate of T,
T(ω,T(ω,T(ω,...,T(ω,x)))).
A random operator T :Ω × C → C is called: (i)
continuous (resp. demiclosed, (L − γ) uniform Lips-
chitz) if the map T(ω,.) is continuous (resp. demiclosed,
(L−γ) uniform Lipschitz); (ii) asymptotically nonexpan-
sive random operator if there exists a sequence of mea-
surable maps un :Ω→ [0,∞) with lim
n→∞
un(ω)=0 , for
each ω ∈ Ω, such that for arbitrary x,y ∈ C, we have
 Tn(ω,x)−T n(ω,y) ≤(1+un(ω)) x−y , for eachω ∈
Ω; (iii) asymptotically quasi-nonexpansive random oper-
ator if there exists a sequence of measurable maps un :
Ω → [0,∞) with lim
n→∞un(ω)=0 , for each ω ∈ Ω, such
that  Tn(ω,η(ω)) − ξ(ω) ≤(1 + un(ω)) η(ω) − ξ(ω) ,
for each ω ∈ Ω,ξ ∈ RF(T) and η :Ω→ C is
any measurable map; (iv) semi-compact random opera-
tor if for a sequence of measurable maps {ξn} from Ω
to C with lim
n→∞
 ξn(ω) − T(ω,ξn(ω))  =0 , for every
ω ∈ Ω, there exists a subsequence {ξni} of {ξn} such
that ξni(ω) → ξ(ω), for eachω ∈ Ω, where ξ :Ω→ C is
measurable.
Let S,T :Ω×C → C be random operators. The random
modiﬁed Ishikawa iteration for two maps is deﬁned as:
ξn+1(ω)=( 1 − αn)ξn(ω)+αnSn(ω,ηn(ω)),
ηn(ω)=( 1 − βn)ξn(ω)+βnTn(ω,ξn(ω)), (2.1)
for each ω ∈ Ω,n =1 ,2,3,..., where αn,β n ∈ [δ,1 − δ]
for some δ ∈ (0, 1
2),ξ 1 :Ω→ C is an arbitrary measur-
able map, and (ξn} and {ηn} are sequences of maps from
Ωt oC.I f βn = 0, for all n in (2.1), then it reduces to
the random modiﬁed Mann iteration (see [5-6]).
Let C be a closed convex subset of a separable Ba-
nach space X, and {ξn} is pointwise convergent; that
is, ξn(ω) → ξ(ω), for each ω ∈ Ω. Then closedness of C
implies that ξ is a map from Ω to C. Moreover, if T is a
continuous random operator, then by [2, Lemma 8.2.3],
the map ω → T(ω,f(ω)) is measurable for any measur-
able map f from Ω to C. Thus {ξn} is a sequence of
measurable maps and ξ :Ω→ C, being the limit of the
sequence of measurable maps, is also measurable.
We need the following useful known results.
Lemma 1 ([10, Lemma 2]). Let the sequences {an}
and {un} of real numbers be such that an+1 ≤ (1 +
un)an, where an ≥ 0,u n ≥ 0, for all n =1 ,2,3,...
and
∞ 
n=1
un < +∞. Then: (i) lim
n→∞an exists; (ii) if
liminf
n→∞ an =0 , then lim
n→∞an =0 .
Theorem 2 [11, Theorem 3.1].L e t X and Y be sepa-
rable Banach spaces. Let C be a nonempty weakly com-
pact subset of X, and f,T :Ω× C → Y be continuous
random operators such that, for each ω ∈ Ω,T(ω,C) is
bounded and (f − T)(ω,.) is demiclosed at 0. If the set
{x ∈ C : f(ω,x) − T(ω,x)=0 } is nonempty for each
ω ∈ Ω, then there exists a measurable map ξ :Ω→ C
such that f(ω,ξ(ω)) − T(ω,ξ(ω)) = 0, for each ω ∈ Ω.
Lemma 3 (cf.[13]).L e t C be a nonempty bounded
closed convex subset of a uniformly convex Banach space
X, and T : C → C be asymptotically nonexpansive. Then
I − T is demiclosed at 0.
Lemma 4 [13].L e t X be a uniformly convex Banach
space. Assume that 0 <b≤ tn ≤ c<1,n =1 ,2,3,...
Let the sequences {xn} and {yn} in X be such that
limsup
n→∞
 xn ≤a, limsup
n→∞
 yn ≤a, and lim
n→∞
 tnxn+(1−
tn)yn  = a, for some a ≥ 0. Then lim
n→∞ xn − yn  =0 .
3 Main Results
We begin with the existence of a unique random common
ﬁxed point of two continuous and contractive random op-
erators. For this, we follow the arguments of Theorem 1
due to Aamri and El Moutawakil [1] to establish its ran-
dom version in the following result.
Theorem 5 Let C be a nonempty weakly compact subset
of separable Banach space X and S,T :Ω× C → C be
continuous random operators such that, for each ω ∈ Ω,
the following conditions hold:
(i) the maps S(ω,.) and T(ω,.) satisfy the property
(E.A);
(ii) T(ω,C) is complete or S(ω,C) is complete with
S(ω,C) ⊆ T(ω,C);
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WCE 2011(iii) for all x  = y in C, r ∈ [0,+∞) and α ∈ [0,1),
d(S(ω,x),S(ω,y)) < max{d(T(ω,x),T(ω,y)),
rd(S(ω,x),T(ω,x))
+αd(S(ω,y),T(ω,y)),
1
2
[d(S(ω,x),T(ω,y))
+d(S(ω,y),T(ω,x))]}.
(iv) (S − T)(ω,.) is demiclosed at 0 and T(ω,C) is
bounded.
Then RC(S,T)  = φ. Further, if S and T are weakly
compatible, then RF(S,T) is singleton.
Proof. By (i), there exists a sequence {xn} in C such
that, for each ω ∈ Ω, lim
n→∞S(ω,xn) = lim
n→∞T(ω,xn)=t,
for some t ∈ C. Suppose that T(ω,C) is complete for
every ω ∈ Ω, then there exists a point u ∈ C such that
T(ω,u)=t, for each ω ∈ Ω. We show that S(ω,u)=
T(ω,u), for every ω ∈ Ω. By (iii), we have
d(S(ω,xn),S(ω,u)) < max{d(T(ω,xn),T(ω,u)),
rd(S(ω,xn),T(ω,xn))
+αd(S(ω,u),T(ω,u)),
1
2
[d(S(ω,xn),T(ω,u))
+d(S(ω,u),T(ω,xn))]},
for every ω ∈ Ω. Taking the limit as n →∞ , we get
d(T(ω,u),S(ω,u))
≤ max{αd(S(ω,u),T(ω,u)),
1
2
d(S(ω,u),T(ω,u))},
for every ω ∈ Ω. This is possible only if
d(T(ω,u),S(ω,u)) = 0, for every ω ∈ Ω. Thus, by The-
orem 2, there exists a measurable map ζ :Ω→ C such
that S(ω,ζ(ω)) = T(ω,ζ(ω)), for each ω ∈ Ω; that is,
ζ ∈ RC(S,T).
If S and T are weakly compatible, then
T(ω,T(ω,ζ(ω))) = T(ω,S(ω,ζ(ω)))
= S(ω,T(ω,ζ(ω)))
= S(ω,S(ω,ζ(ω))),
for every ω ∈ Ω. We show that S(ω,S(ω,ζ(ω))) =
S(ω,ζ(ω)), for every ω ∈ Ω. Suppose not, then for some
ω ∈ Ω, we get
d(S(ω,S(ω,ζ(ω))),S(ω,ζ(ω)))
< max{d(T(ω,S(ω,ζ(ω))),T(ω,ζ(ω))),
rd(S(ω,S(ω,ζ(ω))),T(ω,S(ω,ζ))),
+αd(S(ω,ζ(ω)),T(ω,ζ(ω))),
1
2
[d(S(ω,S(ω,ζ(ω))),T(ω,ζ(ω)))
+d(S(ω,ζ(ω)),T(ω,S(ω,ζ(ω))))}
= d(S(ω,S(ω,ζ(ω))),S(ω,ζ(ω)))
a contradiction. Thus T(ω,S(ω,ζ(ω))) =
S(ω,S(ω,ζ(ω)) = S(ω,ζ(ω)), for every ω ∈ Ω.
Similarly, we can prove the case, S(ω,C) is complete
with S(ω,C) ⊆ T(ω,C), for every ω ∈ Ω. The uniqueness
can be easily veriﬁed by using (iii).
We establish a pair of lemmas to prove our convergence
theorems.
Lemma 6 Let C be a nonempty closed convex subset of a
separable Banach space X, and S and T be two asymptot-
ically quasi-nonexpansive continuous random operators
from Ω×C to C, with the sequences of measurable maps
un,v n :Ω→ [0,∞) corresponding to S and T, respec-
tively. Assume that
∞ 
n=1
un(ω) < ∞ and
∞ 
n=1
vn(ω) < ∞,
for each ω ∈ Ω, and RF(S,T)  = φ.I f{ξn} is deﬁned by
(2.1) and ζ ∈ RF(S,T), then for each ω ∈ Ω:
(i) there exists a sequence of measurable maps tn :Ω→
[0,∞) such that
∞ 
n=1
tn(ω) < ∞ and  ξn+1(ω) −
ζ(ω) ≤(1 + tn(ω))k ξn(ω) − ζ(ω) , for all n =
1,2,3,...;
(ii) there exists M>0 (depending on ω) such that
 ξn+m(ω)−ζ(ω) ≤M ξn(ω)−ζ(ω) , for all n,m =
1,2,3,....
Proof. Similar to that of Theorem 3.1 of [12] and is
omitted.
Lemma 7 Let C be a nonempty closed convex subset of a
separable uniformly convex Banach space X, and S and
T be two (L − γ) uniform Lipschitz and asymptotically
quasi-nonexpansive continuous random operators from
Ω × C → C with the corresponding sequences of measur-
able maps un,v n :Ω→ [0,∞) satisfying
∞ 
n=1
un(ω) < ∞
and
∞ 
n=1
vn(ω) < ∞, for each ω ∈ Ω. Suppose that
RF(S,T)  = φ and the sequence {ξn} is as in (2.1). Then
for each ω ∈ Ω:
(i) lim
n→∞ ξn(ω) − ζ(ω)  exists for each ζ ∈ RF(S,T);
(ii) lim
n→∞
 ξn(ω) − Sn(ω,ξn(ω))  = lim
n→∞
 ξn(ω) −
Tn(ω,ξn(ω))  =0 ;
(iii) lim
n→∞
 ξn(ω) − S(ω,ξn(ω))  = lim
n→∞
 ξn(ω) −
T(ω,ξn(ω))  =0 ;
Proof. (i) Follows from Lemma 6 and Lemma 1.
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 ηn(ω) − ζ(ω) 
≤ (1 − βn) ξn(ω) − ζ(ω)  + βn Tn(ω,ξn(ω)) − ζ(ω) 
≤ (1 − βn) ξn(ω) − ζ(ω) 
+βn(1 + vn(ω)) ξn(ω) − ζ(ω) 
≤ (1 + tn(ω)) ξn(ω)+ζ(ω) .
Thus, for each ω ∈ Ω, we obtain
 Sn(ω,ηn(ω)) − ζ(ω) 
≤ (1 + un(ω)) ηn(ω) − ζ(ω) 
≤ (1 + tn(ω))2 ξn(ω) − ζ(ω) 
and so,
lim sup
n→∞
 Sn(ω,ηn(ω)) − ζ(ω) ≤ lim
n→∞
 ξn(ω) − ζ(ω) .
Moreover, for each ω ∈ Ω, we have
lim
n→∞ (1 − αn)(ξn(ω) − ζ(ω))
+αn(Sn(ω,ηn(ω)) − ζ(ω)) 
= lim
n→∞
 ξn+1(ω) − ζ(ω) .
By Lemma 4, lim
n→∞ Sn(ω,ηn(ω)) − ξn(ω)  = 0, for each
ω ∈ Ω. Similarly, we can prove that lim
n→∞
 Tn(ω,ξn(ω))−
ξn(ω)  = 0, for each ω ∈ Ω. Now, for each ω ∈ Ω, we get
 Sn(ω,ξn(ω)) − ξn(ω) 
≤  Sn(ω,ξn(ω)) − Sn(ω,ηn(ω)) 
+ Sn(ω,ηn(ω)) − ξn(ω) 
≤ L(αn ξn(ω) − Tn(ω,ξn(ω)) )γ
+ Sn(ω,ηn(ω)) − ξn(ω) .
Hence, lim
n→∞ Sn(ω,ξn(ω)) − ξn(ω)  = 0, for each ω ∈ Ω.
(iii) By (ii), we obtain for each ω ∈ Ω,
 ξn(ω) − S(ω,ξn(ω)) 
≤  ξn(ω) − ξn+1(ω)  +  ξn+1(ω) − Sn+1(ω,ξn+1(ω)) 
+ Sn+1(ω,ξn+1(ω)) − Sn+1(ω,ξn(ω)) 
+ Sn+1(ω,ξn(ω)) − S(ω,ξn(ω)) 
≤ αn ξn(ω) − Sn(ω,ηn(ω)) 
+ ξn+1(ω) − Sn+1(ω,ξn+1(ω)) 
+L[αn ξn(ω) − Sn(ω,ηn(ω)) ]γ
+L Sn(ω,ξn(ω)) − ξn(ω) →0, as n →∞ .
Similarly, we can prove that lim
n→∞ ξn(ω)−T(ω,ξn(ω))  =
0, for each ω ∈ Ω.
Theorem 8 Let C be a nonempty weakly compact convex
subset of a separable uniformly convex Banach space X,
and S and T be as in Lemma 7. Suppose that S and T are
weakly compatible. If the conditions (i)–(iv) of Theorem
5 are satisﬁed, and (I − S)(ω,·) and (I − T)(ω,·) are
demiclosed at 0, then the sequence {ξn}, deﬁned by (2.1),
converges weakly to a unique random common ﬁxed point
of S and T.
Proof. By Theorem 5, RF(S,T) is singleton. Let
RF(S,T)={ζ}. Then, by Lemma 7 (i), lim
n→∞
 ξn(ω) −
ζ(ω))  exists for each ω ∈ Ω, and hence {ξn} is bounded.
Since X is reﬂexive, there exists a subsequence {ξnj} of
{ξn} converging weakly to a measurable map η :Ω→ C,
for each ω ∈ Ω. By Lemma 7(iii) and the demiclosedness
of I − S and I − T, S(ω,η(ω)) = T(ω,η(ω)) = η(ω), for
each ω ∈ Ω. Thus, η(ω)=ζ(ω), for each ω ∈ Ω. In
order to show that {ξn} converges weakly to ζ, take an-
other subsequence {ξnk} of {ξn} converging weakly to a
measurable map ψ :Ω→ C, for each ω ∈ Ω. Again, as
above, ψ(ω)=ζ(ω), for each ω ∈ Ω, so {ξn} converges
weakly to ζ.
On the lines of the proof of the above theorem and using
Lemma 3, we can prove the following:
Corollary 9 Let C and X be as in Theorem 8, and S
and T be two asymptotically nonexpansive random oper-
ators from Ω×C → C. Suppose that S and T are weakly
compatible and the conditions (i)-(iv) of Theorem 5 are
satisﬁed. Then the sequence {ξn}, deﬁned by (2.1), con-
verges weakly to a unique random common ﬁxed point of
S and T.
Theorem 10 Let C be a nonempty weakly compact con-
vex subset of a separable uniformly convex Banach space
X, and S and T be as in Lemma 7. Suppose that S and
T are weakly compatible, the conditions (i)-(iv) of Theo-
rem 5 hold and for some integer m, Tm or Sm is semi-
compact. Then {ξn}, deﬁned by (2.1), converges strongly
to a unique random common ﬁxed point of S and T.
Proof. By Theorem 5, RF(S,T) is singleton. Let Tm
be semi-compact (the proof is similar if Sm is semi-
compact). By Lemma 7, we obtain
 Tm(ω,ξn(ω)) − ξn(ω) 
≤  Tm(ω,ξn(ω)) − Tm−1(ω,ξn(ω)) 
+ Tm−1(ω,ξn(ω)) − Tm−2(ω,ξn(ω)) 
+...+  T2(ω,ξn(ω)) − T(ω,ξn(ω)) 
+ T(ω,ξn(ω)) − ξn(ω) 
≤ (m − 1)L T(ω,ξn(ω)) − ξn(ω) γ
+ T(ω,ξn(ω)) − ξn(ω) →0, as n →∞ .
Since {ξn} is bounded and Tm is semi-compact, {ξn} has
a convergent subsequence {ξnk} converging to a measur-
able map η :Ω→ C. Hence, again by Lemma 7(iii), we
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 ζ(ω) − S(ω,ζ(ω))  =  ζ(ω) − T(ω,ζ(ω)) 
= lim
n→∞ ξnk(ω) − T(ω,ξnk(ω)) 
=0 ,
for each ω ∈ Ω. Thus RF(S,T)={ζ}. As lim
n→∞
 ξn(ω)−
ζ(ω)  exists, so {ξn} converges strongly to ζ.
Remark 11 (i) Following the arguments of the proofs
of Lemma 7 and Theorem 10, we can prove analogues
of these results for two asymptotically nonexpansive ran-
dom operators instead of (L − γ) uniform Lipschitz and
asymptotically quasi-nonexpansive random operators.
(ii) Corollary 9 extends Theorems 3.1-3.2 of Tan and Xu
[13] to the case of two asymptotically nonexpansive ran-
dom operators.
(iii) Theorem 2.1 [5] and Theorems 3.1-3.3 [6] deal with
one continuous random operator whereas Corollary 9 gets
hold of two continuous random operators.
(iv) Corollary 9 is a random version of Theorem 3.4 of
Shahzad and Udomene [12] without the assumption that
the set of common ﬁxed point is nonempty.
(v) Theorem 2.2 in [7] concerns existence of determinis-
tic common ﬁxed point of 1-subcommutative maps while
Theorem 5 provides existence of a unique random com-
mon ﬁxed point of weakly compatible random operators.
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